We discuss the seesaw mechanism which includes the minimum number of parameters for successful leptogenesis and three neutrino oscillations in the spirit of Occam's razor. We show that models with two right-handed neutrinos with two texture zeros supported by Occam's razor cannot fit the observed neutrino parameters consistently for the normal light neutrino mass hierarchy. For the inverted light neutrino mass hierarchy, on the other hand, we find that the models can fit the observed neutrino parameters consistently. Besides, we show that the model predicts the maximal Dirac CP -phase of the neutrino mixing matrix in the measurable range in the foreseeable future for the inverted neutrino mass hierarchy. We also show that the predicted effective Majorana neutrino mass responsible for the neutrinoless double beta decay is around 50 meV which is also within reach of future experiments.
Introduction
The seesaw mechanism [1] is the most fruitful explanation of the light neutrino masses and mixings, which connects the tiny neutrino masses to very heavy right-handed neutrino masses. In fact, the seesaw mechanism is promised to accommodate the experimental results of the neutrino oscillation experiments since the mechanism involves more parameters than can be determined by the neutrino masses and mixings. The seesaw mechanism is also highly motivated since it provides the origin of the baryon asymmetry of the universe by leptogenesis [2] .
Recently, the third, but the last neutrino mixing angle θ 13 has been measured at Daya Bay [3] and RENO [4] reactor neutrino oscillation experiments with very high accuracy. Thus now, we know three neutrino mixing angles, θ 12 , θ 13 and θ 23 and two squared-mass differences of neutrinos, ∆m Unfortunately, the seesaw mechanism is impossible to predict those parameters because of the lack of convincing theory of the origin of the Yukawa interaction matrices.
Without any clues, the number of free parameters in the neutrino mass matrix is larger than the one of the observable parameters [5] . In order to have predictabilities on the neutrino mass matrix, one may assume some (discrete) symmetries among generations (for a review see [6] and references therein). Unfortunately, however, no convincing and successful symmetries have been found in light of the precise observations of θ 13 .
In this paper, alternatively, we discuss the seesaw mechanism in the sprit of Occam's razor. That is, we allow the minimum number of parameters needed for successful leptogenesis and three neutrino oscillations [7] . Concretely, we consider the seesaw mechanism with only two right-handed neutrinos. We further restrict models so that the Yukawa coupling constants between the right-handed neutrinos, the Standard Model leptons and the Higgs boson have two texture zeros [7, 8, 9] . Notice that such restricted models have enough number of parameters for leptogenesis as well as for the three neutrino oscillations.
The first attempt of imposing zeros to the quark mass matrices was made by Weinberg long time ago [10] , which leads to a very successful result. There, the Cabibbo angle is predicted to be m d /m s 0.22. In our argument, we use the ideas of imposing zeros to the Yukawa coupling matrix to make the seesaw mechanism as economical as possible, and hence, predictable on the remaining two important parameters δ and m ee .
As we will show, however, the seesaw mechanism with the minimal number of parameters achieved by two texture zeros cannot fit the five observed neutrino parameters consistently for the normal light neutrino mass hierarchy. For the inverted light neutrino mass hierarchy, on the other hand, we find that the models can fit the five observed neutrino parameters consistently. Furthermore, we find that the model predicts the Dirac CP -phase, δ ±π/2, which is in the measurable range in the foreseeable future. Notice that the models with two texture zeros have only one CP -violating phase. Thus, the CP -asymmetry for baryogenesis and the CP -violations in the neutrino oscillations are inevitably interrelated with each other. We also show that the effective Majorana neutrino mass responsible for the neutrinoless double beta decay is predicted to be around 50 meV which is also within reach of future experiments.
The organization of the paper is as follows. In section 2, we briefly review the seesaw mechanism and summarize the parametrization of the models. In section 3, we derive the conditions for two texture zeros. In section 4, we show that the minimal seesaw mechanism cannot explain all the five neutrino parameters consistently for the normal light neutrino mass hierarchy. In section 5, we show that the models of the minimal seesaw can consistently fit all the five observed neutrino parameters. There, we also discuss the predictions on the Dirac CP -phase δ and the effective Majorana neutrino mass m ee . In section 6, we discuss numerical implications of the models on thermal leptogenesis. The final section is devoted to conclusions and discussions.
Neutrino Parameters in Seesaw Mechanism
In the seesaw mechanism, we introduce n N Majorana right-handed neutrinos N i (i = 1 − n N ) which are singlets under the Standard Model gauge symmetries. The Lagrangian responsible for the seesaw mechanism is given by,
where h denotes the Higgs doublets, Lα (α = 1 − 3) the three generations of the lepton doublets, andē Rα (α = 1 − 3) the three generations of the left-handed anti-leptons. The coefficients y and λ are the Yukawa coupling constants and M 's are the masses of the right-handed neutrinos. Hereafter, we take a basis where the masses of the right-handed neutrinos and the Yukawa coupling constants y αβ are diagonal, i.e. M ij = M i δ ij and y αβ = y α δ αβ . Through the above Lagrangian, the tiny neutrino masses are generated by integrating out the heavy right-handed neutrinos,
where v 174.1 GeV is the vacuum expectation value of the Higgs boson.
In applying Occam's razor to seesaw mechanism, let us first remind ourselves that at least two right-handed heavy neutrinos are necessary for the generation of the baryon asymmetry of the universe [7] . Thus, we assume here only two right-handed neutrinos, n N = 2, in the spirit of Occam's razor. It should be also noted that two right-handed neutrinos are also necessary to explain the two observed squared mass differences, ∆m 2 21 and ∆m 2 31 . In the models with two right-handed neutrinos, the generic Yukawa coupling constants form a 2 × 3 complex valued matrix. For later purpose, we define 2 × 2 and 3 × 3 diagonal mass matrices of the right-handed neutrinos and the light neutrinos,
where we take all the mass parameters are real and positive without losing generality. We also arrange M 1 < M 2 and m 1 < m 2 . The first important prediction of the models with two right-handed neutrinos is that one of the light neutrino masses is vanishing, since the rank of the mass matrix m ν in Eq. (2) is 2 for n N = 2. Thus, the model predicts m 1 = 0 for the normal neutrino mass hierarchy and m 3 = 0 for the inverted neutrino mass hierarchy.
The diagonalized neutrino mass matrixm ν is related to m ν in Eq. (2) by the neutrino mixing matrix (MNS matrix) [11] ; 
Here, the sines and the cosines of the mixing angles θ ij are abbreviated as s ij = sin θ ij and c ij = cos θ ij . In the mixing matrix, we have eliminated one of the Majorana phases in the neutrino mixing matrix since either m 1 or m 3 is vanishing for n N = 2.
Now, let us compare the number of the parameters in the high and the low energy physics. The number of real parameters included in the light neutrino masses and the mixing matrix is seven; two neutrino masses, three mixing angles, and two phases. This is less than the number of the parameters included in λ which adds up to nine after eliminating the three phases by rotating L andē R .
To see how the two excessive parameters in λ are hidden in the light neutrino mass matrix in Eq. (2), it is transparent to write a generic solution of Eq. (2) by introducing a complex matrix R [12, 8] ,
where R is given by
for the normal neutrino mass hierarchy and
for the inverted neutrino mass hierarchy. These expressions show that a complex parameter z accounts for the difference of the number of the parameters in the high and the low energy theory. In the following discussion, we parametrize the Yukawa interaction λ in terms ofm ν , M R , U M N S and z using Eq. (6).
Before closing this section, let us write down the elements of λ explicitly. For the normal neutrino mass hierarchy, the elements are given by
experiments. The errors shown above are the 1σ ranges from the best fit values of each parameter. In the above lists, N H denotes the normal neutrino mass hierarchy, and IH the inverted neutrino mass hierarchy. Now, let us try to carve the Yukawa coupling constant λ by Occam's razor further.
For that purpose, let us first remind ourselves that we need at least one CP -phase in Eq. (1) which is required for successful leptogenesis [16] . For the non-vanishing CP -phase, the minimal choice is given by,
with arbitrary exchanges of the columns and rows. Notice that the one phase out of two phases of the complex parameters a and b can be eliminated by the phase rotations of the charged leptons, L andē R . Unfortunately, however, this possibility has been excluded since it leads to no neutrino mixing angles and two massless neutrinos, which contradict with observations in Eq. (12) . Similarly, the next minimum model for the non-vanishing
with an additional complex parameter a is not acceptable either, since it leads to twovanishing neutrino mixing angles.
Therefore, we need one more complex parameter in λ, or in other words, we need a Yukawa coupling matrix with two texture zeros. In this case, we have four non-vanishing elements in λ and expects one non-vanishing CP -phase after eliminating the three phases by rotating the charged leptons, L andē R . 1 Interestingly, the Yukawa coupling λ with two texture zeros for n N = 2 has five free real valued parameters which correspond to the minimum necessary number of parameters to fit the five observed parameters in Eqs. (11) and (12) . We should emphasize that the model has only one CP -phase in the five parameters. Thus, the CP -asymmetry required for leptogenesis and the CP -asymmetry in the neutrino oscillations are related with each other [7] (see discussions in sec. 6).
Now, let us consider the condition for two texture zeros. For the normal neutrino mass hierarchy, the condition of λ 1α = 0 is given by,
while the condition λ 2α = 0 is given by,
For the inverted neutrino mass hierarchy, they are given by
and
respectively. Thus, the condition for two texture zeros λ 1α = λ 2α = 0 is given by
for the normal neutrino mass hierarchy, and
for the inverted neutrino mass hierarchy. It should be noted that the models with α = α again predict two vanishing neutrino mixing angles out of the three mixing angles, which is inconsistent with the observations. Thus, in the followings, we concentrate ourselves on the models with α = α . It should be also noted that the above conditions do not depend on the Majorana neutrino masses, which reflects the fact that the Majorana neutrino masses are redundant for the light neutrino masses as explained in the previous section.
One may consider two texture zeros in the same row. For the normal neutrino mass hierarchy, the condition is given by,
for λ 1α = λ 1α = 0 or λ 2α = λ 2α = 0. For the inverted hierarchy, the condition is given by,
As we will show, however, the models with two texture zeros in the same rows cannot fit the observed masses and mixing angles consistently.
Normal Hierarchy
In this section, we consider the models with two texture zeros in the Yukawa couplings λ for the normal neutrino mass hierarchy. Here, we again emphasize that we are taking the bases where the Majorana neutrino masses and the charged lepton masses are diagonal.
The following analyses are the updates of the analyses in Refs. [7, 8, 9] . As we will show, the seesaw mechanism with the minimal number of parameters achieved by two texture zeros cannot fit all the five neutrino parameters consistently for the normal light neutrino mass hierarchy. 
Models with
The condition of two texture zeros at λ 2µ and λ 1e is identical to this condition. The imaginary part of the above condition leads to a relation between δ and α;
where we have definedᾱ = δ + α. Thus, by remembering s 2 12 0.31 and m 2 m 3 , we find that the Majorana phaseᾱ (α) is restricted to
while δ can take wide range of values from 0 to 2π. (11)- (12) while taking s 13 as a free parameter. (Right) The ∆χ 2 of the predicted s 13 for δ = 0 (red) and δ = π (blue). We also show ∆χ 2 obtained at the Daya Bay experiment as a dashed line.
The real part of the above condition, on the other hand, leads to, (12) . This is an unexpected result (though already known in Refs. [7, 8, 9] ), since the models have five parameters to fit the five observed data. This over constraint on s 13 is associated with the insensitivity of s 13 to δ due to m 3 m 2 (see Eq. (23)). The resulting range of s 13 is, however, too small to be consistent with the direct measurement of s 13 in Eq. (12).
In Fig. 1 , we show the range of s 13 as a function of δ for the best fit values of ∆m In the figure, we also show ∆χ 2 of the predicted s 13 for given values of δ. by the Daya Bay experiment, we find that the prediction on s 13 is inconsistent with the observations at about 3σ level. Therefore, we find that the model with two texture zeros λ 1e = λ 2µ = 0 or λ 1µ = λ 2e = 0 cannot fit the five observed parameters consistently.
which again leads to the same relation between δ andᾱ given in Eq. (24) . The real part of the above condition, on the other hand, leads to Fig. 2 , we show the predicted range of s 13 for the best fit values of the mass and mixing parameters in Eqs. (11)- (12) except for the observed value of s 13 . We also show ∆χ 2 of the predicted s 13 for given values of δ (δ = 0 or π). Again, we find that the predictions are inconsistent with the observations at about the 3σ level, by comparing ∆χ 2 with the one obtained by Daya
Bay experiment. Therefore, we find that the model with two texture zeros λ 1e = λ 2τ = 0 or λ 1τ = λ 2e = 0 cannot fit the five observed neutrino parameters consistently. 
This equation, unfortunately, can be solved only for s 13 1 which is inconsistent with the observed value of s 13 . To see this, it should be noted that the first term in the 
Finally, let us consider models with two texture zeros in a row. For α = e and α = µ, the condition for two texture zeros in Eq. 
Thus, for δ = 0, the model predicts s 12 = 0 or s 23 = 0, which is inconsistent with the observations. For δ = 0, the model predicts,
which is also inconsistent with the observations.
For α = e and α = τ , the condition for two texture zeros is reduced to c 12 s 13 s 23 + s 12 c 23 e iδ = 0 .
Thus, for δ = 0, the model predicts s 12 = 0 or s 23 = 10, which is again inconsistent with the observations. For δ = 0, the model predicts, which is also inconsistent with the observations. For α = µ and α = τ , the condition for two texture zeros is reduced to c 12 c 13 = 0 .
Thus, the model predicts s 12 = 1 or s 13 = 1, which are both inconsistent with observations.
Inverted Hierarchy
In this section, we consider the models with two texture zeros for the inverted neutrino mass hierarchy. Unlike the case for the normal neutrino mass hierarchy, we find that the model can consistently fit the current observations in Eqs. (11) and (12) including sin 2 θ 13 .
Furthermore, we find that the models predict the CP -phase δ to be around δ π/2 which can be proved/disproved in the foreseeable future. The effective Majorana neutrino mass is also predicted around 50 meV which is also within reach of future experiments.
Models with
For the inverted hierarchy, the condition of two texture zeros is given in Eq. (20) , and it is given for λ 1e = λ 2µ = 0 or λ 1µ = λ 2e = 0 by, 
for a small α (mod 2π) in the limit of m 1 = m 2 . From the final expression, we see that s 13 takes a wide range values, by sweeping α. Therefore, all the five observed neutrino parameters can be consistently provided by the five parameters in the Yukawa coupling constants λ (up to the Majorana right-handed masses).
In Fig. 3 , we show a predicted relation between δ and s 13 for a given set of ∆m Thus, in this model, the smallness of α is not related to the smallness of δ but related to the smallness of s 13 .
3 In the exact limit of m 1 = m 2 , the non-vanishing δ does not lead to any physical CP -violations, although we have ∆m In Fig. 4 , we also show ∆χ 2 of the predicted CP -phase δ by approximating that the five observed parameters obey the Gaussian distribution with the errors and the central values in Eq. (11) and (12) . The figure shows that the model predicts δ π/2 very sharply. It should be noted that such a large CP -phase δ can be proven/disproven in the foreseeable future in the combination of the results of the neutrino oscillation experiments (see for example [17] ).
Since all the five model parameters relevant for the light neutrino masses and mixing matrix have been determined by the observed neutrino parameters, it is also possible to predict the rate of the neutrinoless double beta decay. The rate of the neutrinoless double beta is proportional to the effective Majorana neutrino mass,
Here, m 3 = 0 for the inverted neutrino mass hierarchy in our case. In Fig. 4 , we show ∆χ 2 of the predicted m ee . The figure shows that the model predicts a rather large value of m ee at around m ee ∆m 2 23 47 meV. This value is close to the expected reaches of the coming experiments of the neutrinoless double beta decay (see e.g. Ref. [18] and references therein). 
and the complex parameter z is given by,
Here, we have assumed M 1 = 10 13 GeV and M 2 = 10 14 GeV, although they are redundant for fitting the low energy data. For different Majorana masses, the Yukawa coupling constants λ 1α is scaled by (M 1 /10 13 GeV) 1/2 and λ 2α by (M 2 /10 14 GeV) 1/2 .
Similarly, the condition for λ 1e = λ 2τ = 0 or λ 1τ = λ 2e = 0 is reduced to 
Thus again, we find that s 13 can take a wide range of values for a given set of ∆m 2 21 , ∆m 2 31 , sin 2 θ 12 and sin 2 θ 23 . Therefore, all the five observed neutrino parameters can be consistently provided by the five parameters in the Yukawa coupling constants λ.
In Fig. 5 , we show a predicted relation between δ and s 13 for given ∆m and sin 2 θ 23 . We also show a predicted relation between α and s 13 . As a result, we again find that the model predicts the CP -phases δ ±π/2 and α ±π/10. The smallness of α is again related not to the smallness of δ but to the smallness of s 13 . In Fig. 6 , we also show ∆χ 2 of the predicted CP -phase δ. The figure shows that the models again predict δ π/2 very sharply, which is within the reach of the combination of the results of the neutrino oscillation experiments. 4 In the figure, we also show ∆χ 2 of the predicted effective Majorana neutrino mass m ee , which is predicted around m ee 47 meV. 
which are very close to the results in the previous section. Here, we have again assumed M 1 = 10 13 GeV and M 2 = 10 14 GeV, although they are redundant for fitting the low energy data.
The condition for λ 1µ = λ 2τ = 0 or λ 1τ = λ 2µ = 0 is a bit complicated, 
From this expression, we find that the absolute value of the right hand side for s 13 0.3 is approximately given by tan 2 θ 12 0.46, which is inconsistent with the value of the left hand side, m 2 /m 1 1. Furthermore, we find that the absolute value of the right hand side takes the maximal value 1 at s 13 = 1. Therefore, we find no solution which satisfies the above condition.
Finally, let us consider models with two texture zeros in a row. For α = e and α = µ, the condition for two texture zeros in Eq. (22) is reduced to,
Thus, the model predicts s 13 = 1 or s 23 = 1 which are both inconsistent with the observations.
For α = e and α = τ , the condition for two texture zeros is reduced to
which is also inconsistent with the observations. For α = µ and α = τ , the condition for two texture zeros is reduced to
Therefore, the model is again inconsistent with the observations.
Implications on Leptogenesis
In this paper, we have discussed the seesaw mechanism which includes the minimum number of parameters for successful leptogenesis and three neutrino oscillations in the spirit of Occam's razor. As a result, we found that the models with two texture zeros can successfully fit all the five observed neutrino parameters by using five model parameters for the inverted neutrino mass hierarchy. Furthermore, we also found that the model predicts the maximal CP -phases in the neutrino mixing matrix. This result is very encouraging for leptogenesis which requires non-vanishing CP -phase. In this section, we discuss numerical implications of the models with two texture zeros on leptogenesis.
We assume the first right-handed neutrino N 1 is much lighter than N 2 for simplicity.
The baryon asymmetry generated by leptogenesis is approximately given by [19] ,
which fits well the numerical result form 1 10 −2 eV. 5 Here,m 1 is the so-called effective neutrino mass which is related to the decay rate of the lighter right-handed neutrino,
and ε L is the CP -asymmetry at the decay of the lighter right-handed neutrino,
In terms of the low energy parameter and the complex parameter z, the above two parameters for leptogenesis can be rewritten as follows. The coefficient for the tree-level decay width can be reduced to
The numerator of the CP -asymmetry is also reduced to
is opposite for the model with λ 1µ = λ 2e = 0. Thus, unfortunately, it is not possible to predict the sing of δ from the known sign of the baryon asymmetry via leptogenesis.
Similarly, for the model with λ 1e = λ 2τ = 0, the effective neutrino mass and the CP -asymmetry are given by,m
We also comment that the predicted total mass of the neutrinos can be probed by cosmological and astrophysical measurements. As we have seen, the model can be consistent with the observations only for the inverted neutrino mass hierarchy which says, 
with 1σ errors. Here, the vanishing third neutrino mass comes from the fact that only two right-handed neutrinos contribute to the seesaw mechanism in our case. Therefore, the total neutrino mass is predicted to be (at the 1σ level)
+0.20
This total mass is within the reach of the future cosmological and astrophysical measurements, such as the CMB spectrum, the galaxy distributions, and the redshifted 21cm line in the foreseeable future (see [25] and references therein).
Several other comments are in order. In our arguments, we have not considered any origins of the peculiar structure of two texture zeros. Obviously, it is not easy to explain such texture by simple symmetries. Therefore, it will be puzzling if the predicted Dirac CP -phase and the effective Majorana mass predicted in this model are confirmed in the future experiments.
As a possible origin of two texture zeros, one may consider extra-dimensional models. That is, by assuming separations of the leptons and/or Higgs bosons in the extra dimensions, models can have texture zeros. In Fig. 7 , we show an illustrative picture of such separations in the extra dimensional model. In this illustrative example, two texture zeros are realized while the right-handed Majorana mass and the charged lepton masses are diagonal (see [9] and references therein for other realizations of two texture zeros).
Besides the puzzle on the origins of texture zeros, one may concern about the third right-handed neutrino whose existence is naively expected in view of the three generations of the quark sector and charged lepton sector. One simple realization of the models with two right-handed neutrinos out of three right-handed neutrinos is to assume very heavy third right-handed neutrino. By remembering that the contributions of the right-handed neutrinos to the neutrino mass in Eq. (2) are proportional to the inverse of their masses, Here, we are assuming that charged leptons L andē R are confined on the branes in the extra dimensions shown as lines in the figure, while two right-handed neutrinos N R1,2 reside on the intersections of the branes. We are also assuming that the Higgs boson is not localized on the branes.
the third right-handed neutrino contributions are vanishing in its heavy mass limit, which effectively leads to the models with two right-handed neutrinos.
Another but more ambitious possibility is the other limit, i.e. the very light third right-handed neutrino with the mass in ones to tens keV range [26] . In this case, if the third right-handed neutrino couples to the other fields very weakly, it may have a lifetime much longer than the age of universe. Such a "sterile neutrino" is a viable candidate of dark matter [27] . 8 Especially, if the third right-handed neutrino is dark matter, the constraints from X-ray observations have put sever upper limits on the effective mixing angle θ between the light neutrinos and the third right-handed neutrino 9 such that θ 2 < O(10 −10 ) for M 3 10 keV for example (see e.g. [30] for details and [31, 32] for reviews).
For this range of the small mixing, the contributions of the third right-handed neutrino to m ν in Eq. (2) is negligible, and hence, the model effectively consists of two-right handed neutrinos for the seesaw mechanism.
8 For models of sterile neutrino dark matter where all the three generations of the right-handed neutrinos are below the electroweak scale, see Refs. [28, 29] . 9 Here, the square of the effective mixing angle is defined by θ 2 =m 3 /M 3 wherem 3 is given by Eq. (53) with the replaced indices from 1 to 3.
